Abstract We consider a binary granular composite medium, in which two materials have high-order nonlinearities.
The effective medium theory (EMT) [1] is often applied to obtaining the macroscopic linear response of granular composite material. It founded on imposing the hypothesis that electric field around each particle inside the heterogeneous material is constant. There is a useful selfconsistency condition for EMT, that is, the net polarization of the medium should be zero. [2] Effective nonlinear response (ENR) of random inhomogeneous material has attracted much attention due to its potential application. Abundant works have been done on cubic-order nonlinear susceptibility. Corresponding ENR has been discussed by means of different methods, such as the effective medium approximation, [3] numerical simulation on a nonlinear random resistor network, [4] a perturbation scheme, [5] T -matrix approach, [6] etc. Only a few works concerned high-order nonlinear susceptibility have been reported (Say, Ref. [7] ). A decoupling approximation may help to treat high moments of the electric field in various phases of the random composite material, in which the constituent exhibits high-order nonlinearity. Some authors investigated ENR of this composite by making use of resistor network simulations. [8] At the same time, they applied the decoupling approximation to simulating their numerical data. Recently, the decoupling form has been improved. [9] Further progress in this consistence was obtained.
In the process of experiment, particle shape is always deviated from ideal sphere due to the interaction between particles. In realistic applications, it is possible to control particle shape so as to optimize ENR. Accordingly, some authors have theoretically studied such particleshape effect on effective third-order susceptibility. [10, 11] It is well known that microstructure plays an important role in determining macroscopic linear response. It has been shown that ENR can also be drastically affected by changing different microstructures. [10] Hence effective nonlinear behavior is investigated by studying three types of microstructures: [12] i) array of nearly touching conducting spheres; ii) array of overlapping conducting spheres; iii) flat voids in a conducting medium. It is pointed out that some particle shapes or types of microstructures can lead to a divergence of high moments of electric field. [12] Can other microstructures, e.g., uniaxial ellipsoidal particles with parallel or random axes (Case I or Case II), enhance high-order ENR in the granular composite medium? Which effect is more strong? Consequently, our object is to compare the effects of Case I and Case II on ENR of a composite material. In order to extract their effective linear responses, we shall resort to EMT. Both the components take on high-order nonlinearity. Then making use of the developed decoupling approximation, [9] we investigate the effects of particle shape and microstructure on high-order ENR. During the process of numerical calculation, one of the components is assumed to be linear, and two kinds of component conductors are chosen to be at high conducting contrast.
We start by considering a binary composite medium containing two kinds of nonlinear particles. Along z-axis, the current density J is related to the local electric field E by
where σ( r ) and χ( r ) are linear conductivity and nonlinear susceptibility of the medium, respectively, and integer β nonlinear exponent (β > 2). Dependent on the position r within regions occupied by the 1-th or 2-th component, σ( r ) and χ( r ) exhibit the corresponding values for that material. Note that only weak nonlinearity is under consideration throughout the paper. The effective linear conductivity and nonlinear susceptibility can be respectively determined by [8] 
where E lin ( r ) is linear electric field as χ( r ) = 0, · · · i denotes the spatial average within the volume occupied by the i-th component (i = 1, 2), and σ i and f i are the conductivity and volume fraction, respectively. Here E 0 indicates the magnitude of applied field along z-axis, and V is the sample volume. In view of Eq. (2),
can be written as
The composite under consideration is in fact a heterogeneous medium. Indeed, since the nonlinear susceptibility is related to higher moments of the electric field, it is much more sensitive to the fluctuation resulting from the microstructure. Hence it is necessary to apply developed decoupling approximation to obtain the expressions for ENR in terms of one and two moments of electric field. [9] For uniaxial ellipsoid, we may express g iz , the z-axis depolarization factor, as
, and
if m i = a i /b i < 1, where a i and b i , the morphological axes, are along z-and y-axes, respectively. Here we have taken a i as rotational axis and b i = c i (c i , the third morphological axis along x-axis direction). Uniaxial ellipsoid may be described by two depolarization factors. They are g iz and g ixy which indicate in x-and (y-)axis directions, respectively. There must be 2g ixy + g iz = 1. In this notation, a sphere corresponding to m i = 1 has g ixy = g iz = 1/3. As to σ e , it can be determined by EMT. We assume that all the uniaxial ellipsoidal particles to be arranged with their rotational axes parallel to z-axis direction (Case I). For this system, σ e results from EMT which is of the form
= 0 (7) with f being the volume fraction of the first component.
obtained by solving Laplacian equation. σ and χ are in general tensorial quantities. In order to discuss the shape effect on ENR, we make the assumption that all the particles exhibit anisotropic in geometric, but isotropic in material. Thus both σ and χ indicate scalar response.
For the sake of simplicity, we take the second component as linear material (χ 2 = 0) for numerical calculation. Moreover we assume that all the particles have the same aspect ratio m (m = m i ). m = 1, > 1 and < 1 denote three types of shapes, that is, sphere, prolate-ellipsoid, and oblate-ellipsoid, respectively.
Curves for Case I are displayed in Fig. 1 . The physical parameters chosen for numerical calculation are listed on these figures.
In Figs 1a and 1b, nonlinear particles are better conductors. Increasing volume fraction yields uniformly increasing ENR. Meanwhile, ENR increases slowly within low-volume-fraction region, while rapidly beyond this region. However, for large β, this increase trend can become slow again as f → 1.0. Given volume fraction, prolateellipsoidal shape can lead to stronger ENR than oblateellipsoidal. As f > 0.25 or so, shape effect is distinct. By comparison, if particle shape is given, a relatively little difference between ENRs is shown for different β. From these figures, it is found that ENR is weaker than the nonlinear response of single component.
In Figs 1c and 1d , nonlinear particles are poorer conductors. The enhanced ENR occurs. To our interest, there is an enhanced peak for different shapes, and the larger β, the larger peak value. This peak even appears within low-volume-fraction region as long as particle shape is chosen appropriately. Peak value is larger for the shape of oblate-ellipsoid than that for prolate-ellipsoid. However, its volume fraction (denoted by f peak in the following) is smaller. Also, it is found that smaller m of oblate-ellipsoid can obtain larger peak value at low volume fraction.
Then we discuss another type of arrangement of particles in order to investigate the microstructure effect. We assume all the particle axes to be randomly distributed in the composite (Case II). In this case, EMT is
Then | E lin ( r )| i is given by [13] | Equations (7) and (9) yield respectively two and four roots for σ e . We have chosen the one which has the physical meaning by imposing two conditions: i) σ e should be a continuous function of f ; ii) There must be σ e > 0. Figure 2 shows the curves for Case II.
In Figs 2a and 2b , nonlinear particles are better conductors. Similar to Figs 1a and 1b, no enhanced ENR occurs. But given β, the difference between shape effects can be inconspicuous, or even disappear.
In Figs 2c and 2d, nonlinear particles are poorer conductors. Similar to Figs 1c and 1d, ENR is able to be enhanced, and shape effect is very distinct. But, compared to other particle shape for a certain β, the sphere is a shape which leads to the strongest ENR. What is more, corresponding peak value, if any, occurs at the lowest volume fraction. Given particle shape, ENR of high-order susceptibility more easily yields enhanced peak than that of low-order susceptibility. Thus it may be concluded that larger β leads to larger peak value. f peak for different β may be shifted to low volume fraction, as different from Figs 2c and 2d where f peak is almost invariant.
Obviously to see, shape effect on ENR is much more dominant for Case I than that for Case II. Concretely speaking, only for Case II, ENR of one β for different shapes is almost the same as that for spherical shape when nonlinear particle is better conductor (See Figs 2a and 2b) . Although the enhanced ENR is also obtained from Case II, it is far weaker than that from Case I. It is not difficult to understand this point. Throughout the whole paper, the particles have been assumed to be anisotropic in geometry, but isotropic in material. Even though each particle randomly oriented exhibits anisotropic physical properties, the effective linear or nonlinear responses are still isotropic. This fact suggests that random distribution is able to delete the effect of anisotropic of single component particle on macroscopic property. Similarly, random distribution can also moderate greatly the influence of shape anisotropic, whereas parallel orientation may affect extraordinarily macroscopic physical property. In a word, ENR of Case I (or Case II) is able to be strongly (or weakly) enhanced relative to the corresponding high-order nonlinear susceptibility of a pure constituent in bulk. It is determined that Case I is a better microstructure for obtaining enhanced ENR than Case II.
Our result also suggests that it may be possible to obtain strongly enhanced high-order ENR by choosing particles of appropriate ellipsoidal shapes.
The generalization of this work to tensor response and to multicomponent system is straightforward.
